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S1 THG power dependence

Supplementary Fig.1 plots the experimental power dependence of THG as a
function of incident power in double logarithmic scale. The slope is consistent
with the cubic relation given by Eq.2 in the main text.

S2 TGHE modeling

ag’gz is calculated through a diagrammatic technique, with the light-matter

interaction in the scalar potential gauge in order to capture all intra-, inter-
band and mixed transitions [1-3]. We evaluate the diagram in Supplementary
Fig.2 and denote by Hég) the response function. 7 and J, are the density and
paramagnetic current operators. Then, ag’zé = (ie)? limg 0 63H§3) /0q}, where
e > 0 is the fundamental charge [2|. The Dirac Hamiltonian of low-energy
carriers in SLG is Hy = thE - where & = (+0,,0,) are the Pauli matrices
in the sublattice basis. Note that + represent the two valleys in the SLG
Brillouin zone. We get 0\ (w, Ep,0) = w(() 168 (w, Ep,0) at T, = 0 [1-3]:
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Supplementary Fig. 1. THG power dependence. THG power mea-
sured at 3hwy=1.56eV as a function of the fundamental power measured at
hwy=0.52eV. The slope~3 is typical of the THG process, as for Eq.2 of the
main text.

where G(z,y) = In|(z+vy)/(x —y)|, 0(()3) = Nye*hvt/(327) with Ny = 4 and
hw, = hw +i0t. At finite T,, 0oy, is evaluated as [4]:
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S2.1 THGE of SLG as an interface layer

In order to derive the THGE for SLG on a substrate we consider SLG as
an interface layer between air and substrate |5, 6], see Supplementary Fig.3,
and implement electromagnetic boundary conditions for the non-harmonic
radiations. The Maxwell equations in the nonlinear medium in the m(> 2)-
th order of perturbation are given by [7,8]:

V-BM =0, (S3)
(m)
- o 1~ -
V. DM — Pr_ _ —Vv.-pm (S4)
€0 €o
V x E™ = jws B (S5)
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Supplementary Fig. 2. Feynamn diagram for Hf') in the scalar poten-
tial gauge. Solid/wavy lines indicate non-interacting Fermionic propaga-

tors/external photons. Solid circles and square indicate density and current
vertexes
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Supplementary Fig. 3. Schematic of SLG on substrate. The TH ra-
diated waves in the top and bottom medium obey the TH Snell’s law:
n;(3wp) sin; = ny(wp)sinf. The red dashed arrows indicate the propaga-
tion direction of in-coming and out-going waves.



where DM = e(wg)ﬁ(m) is the conventional displacement vector. p(m) and
J_;(cm) are the m-th order Fourier components of free charge and current. Note
that wy = > w;, with w; the incoming photons frequency, with ¢ and €, the
speed of light and vacuum permittivity. For THG, we have m = 3, w123 = wo
and wy, = wryg = 3wp. €(w) is the isotropic and homogenous linear relative
dielectric function. Only electric-dipole contributions are included.

We consider SLG in the z-y plane embedded between air and a substrate.
SLG is modeled by a dielectric function €5(w), nonlinear polarization, free
surface charge and free surface current:

P = §(z)Pm | (S7)
P =68(z)af™ (S8)
Ty = 8(2)K (™ (S9)

Having the Dirac delta, d(z), in the above relations implies that SLG only
shows up in the electromagnetic boundary conditions. Note that P and
[?](cm) are in-plane vectors with zero component along the interface normal, Z.
The interface layer is the only source of nonlinearity. We assume o™ = 0 and
[?J(fm) = 0, consistent with our experiments, where there are no free surface

charges and currents that oscillate at frequency mw with m =2,3,....
The boundary conditions for the nonlinear fields at z=0 are obtained as:

B — By = po(R™ — s P) x 2.

m) o B (m)
= (m, = (m, R g ng -P

{el(wg)Ef ) _ eg(wg)Eé )} = ,

(

€o
EM _Emyxz=0. (S10)

Where the sub-indexes 1,2 stand for the top(bottom) medium and 6261 =
20/0x+130/0y. The dielectric function of the interface layer, es(w), does not
emerge in the above boundary conditions.

The wave equation in the top and bottom media, with vanishing nonlinear
polarization, follows:

2
V x V x B %E(WE)EW =0. (S11)

which has a plane wave solution [8]:

~

Em) — pgm) i(@sm-wst) | . . (S12)



/- ¢s; = 0 and the dispersion relation in the top and bottom media is:

%>
gs =g = 771(&12) . (S13)
where n(ws) = y/€(ws) is the refractive index of the lossless media.
We consider a linearly polarized incident laser with arbitrary incident
angle exposed to the interface layer:

Ej = {26, + 9, + 2€,} @00 4 cc. (S14)
where
S Wo A A
7= —n1(wp)[— cos Oz + sin O] . (S15)
c

3
The leading nonlinearity of SLG is encoded in ?( ). Using the SLG symmetry,
the third-order nonlinear polarization follows:

L =(3)
P =P  exp {z% [n1(wo)z sinf — ct]} + c.c. (S16)
c
where
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The wave-vectors of TH radiated waves in the top and bottom media are:

3
inwg,l == —w0n1(3wO)[COS 012 + sin (9133] s
c
3
B2 = ﬂ77,2(5’)wo)[— cos 022 + sin 6,7 . (S18)
c

According to the boundary condition relations of Eq.S510, we find 3,1, =
Q3wo,2,0 = 3¢z- Therefore, we derive the Snell’s law for THG:

n2(3wp) sin B = nq(3wp) sin by = ny(wp) sin b . (S19)

Considering the refractive indexes frequency dependence, the Snell’s law for
THG implies that sinf; = [ny(wp)/n1(3wp)]siné is not generally equal to
sin 6, in contrast with the specular reflection for first harmonic generation [8].
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The plane wave nature of the TH radiations implies:

cos 9151(:9;) + sin 9151(2 =0,
— cos 9282(?;) + sin 9252(2 =0.

(S20)

By considering Eqs.S17,518, the boundary condition relations Eq.S10 be-

come:

n1(3wo) [COS 9151(?:3 — sin 9151(,32)] +

3wy Ps
n2(3wo) [cos 0252(332 + sin 6’252(32)} S ,
b b C 60
3w P
n1(3wy) cos 9151(2 + ny(3wp) cos 9252(2 = _Z_Oe_: :
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3 3
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b b C 60
From Eqs.S21-526,519,520 we get:
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where
S =5y = cos 6 cos 0, |
’ ’ n1(3wp) cos Oz + na(3wp) cos By
1

S =G —_

Ly 2y n1(3wpg) cos Oz + na(3wy) cos by

cos 0, sin 64

Sl,z =

n1(3wp) cos Oz + na(3wy) cos by
cos 0 sin 6
SQ,Z = -

n1(3wp) cos bz + na(3wp) cos by

(S27)
(S28)

(S29)

(S30)
(S31)
(S32)

(933)



For normal incidence we have # = 0. From Eq.S19 we have 6; = 6, = 0.
Therefore, S;, = 0 and S;, = S;y, = —1/[n1(3wo) + n2(3wp)]. The time-
average of the incident intensity gives I, = 2n;(wo)eoc| Esn|?. The intensity
of the transmitted TH signal is I3, = 2ns(3wo)eoc| E®|2. From this we get
Eq.2 of the main text for THGE.

S2.2 Symmetry considerations
The rank-4 tensor of ¢ transforms as follows under an arbitrary ¢-rotation:
3 3
(/2;/ 1§ — Z Ra a Rﬁ/ ¢)R7/7(¢)R5/5(¢)0'éﬁ)75 . (834)
afy

We take the z-axis as the rotation-axis, perpendicular to SLG. Therefore,
the rotation tensor is:

<o [ cosg  sing
R(¢) = (— sing cos ¢) ' (S35)
~ <~
We take ¢ = R(¢) - . By plugging Eq.S35 in S34, we get:
Jéﬁgﬁ - [Sln ¢] yy)yy + [COS ¢]4 a(c?;:cx
+ cos glsin ¢ [ wyyy + Uz(/?:;:)yy + Oz(/y)ary + U?Sy)yz}

+ [cos¢Psing [0l + 0B+ 08+ ]
+ [COS nglIl ¢] |: xw)yy + O-iy)my + U:(Ey)yx

B 4 o® O
+ ny;py + O-?Jffyw + O-yygcz}

(S36)

Because of the Cj, symmetry for SLG on a substrate, there are only 4 inde-
pendent tensor elements [7]:

O e = U?(J?/)yy - ﬂ(ﬂ?ﬂ)ﬂ)yy T Uﬂ(ﬂy)yr - Uiy)my

08y = Ol

Ol = Ty

Oy = Ty (837)

By implementing Eq. S37 in Eq.S36, we get ag’gg = oW



S2.3 Effect of finite relaxation rate
The effect of finite 7 in the TH conductivity can be derived from [3]:

17G(2|Ep|, hwg + i) — 64G (2| Eg|, 2hwy + iT') + 45G(2| Ep|, 3hwo + i)

6’£:3x)ICC (U.)[), EF? 0) ~

24 (Fiwg )

r 1 1
17

1 1
8
[2|EF| T 2hy £ iT | 2[Bp| = 2han — ir}

+ 3hw ! - !
O (2|Ep| 4 3hwo + )2 (2|Ep| — 3hwy —il)2| [

Note that (=) is because we assume I' < fiwq [3]. Supplementary Fig.4 shows
that a finite 7 has a small effect on THGE for most of SLGs in literature,
including the samples used in this paper.

S2.4 T, and Er effects on THGE

The T, and Er dependence of THGE for SLG on SiOy at hwy = 500meV is
shown in Supplementary Supplementary Fig.5, where 3 logarithmic singular-
ities at 2| Ep| = hwo, 2hwg, 3wy for T,=0K can be seen. By increasing T, the
first peak at 2|Er| = hwy disappears and the two others merge and form a
broad maximum, roughly located at 2|Ep| ~ (2 + 3)fuwg/2 = 2.5hwy. THGE
is almost insensitive to Er for 2| Ep| < hwy. This can be explained using the
asymptotic relation of the TH conductivity for |Ep| < fuwy. For T, = 0:

43,2 : 3
() N Che ) 11 (2B
Oy (i) {96+7T (37%}0 +... (S39)

Eq.S39 and Eq.2 of the main text explain the flat part of the curves in
Supplementary Fig.5 in the low-doping regime (hwy >2|EF|).

In order to quantify the tunability of THG in SLG by altering Er, we
define a parameter:

THG

— nmax
gTHG = 77T—HG 5 (840)

where nTH¢ stands for THGE in the nearly undoped regime (|Ep| < hwp).

min

Supplementary Fig.6 indicates that ¢77¢ decreases by increasing 7.

(938)
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Supplementary Fig. 4. Effect of momentum relaxation time on THGE.
THGE for SLG on Sa as a function of wy for different 7 = h/T" at T,=2000K
and Er—200meV, for incident intensity~ 2.4 x 102Wm~2, corresponding to
the value used in our experiments
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minimum so that THGE at Er = 0 is equal to 1 for all T¢.
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S3 Fermi energy, Fermi level, chemical potential and
electronic heat capacity in SLG

When a pulsed laser interacts with SLG, after an initial transient of a few
tens fs, the electron and hole distributions in the conduction and valence
bands are given by the Fermi-Dirac functions frp(e;py, T.) with the same
T. and two chemical potentials p, and p. (see e.g. Refs.9-11). The chemical
potential of the electrons and holes in the valence band are, by definition,
opposite to each other.

At equilibrium, when p. = p,, they are denoted by p. The term Fermi
level (Ery) is also sometimes used in literature to denote p. The Fermi energy
(Er) is defined as the value of p at T, = 0K [12|. EF is thus a function of
the electron density only. After recombination of the photoexcited electron-
hole pairs, a single Fermi-Dirac distribution is established in both bands and
the equilibrium condition u, = p. holds [9-11]. The recombination time
depends on carrier density and laser fluence, and can be much longer than
the time< 20fs needed for thermalization (see Ref.9 and references therein).

The electronic heat capacity ¢, is defined as the derivative of the electronic
energy density U with respect to T, [12]. It depends on all the variables
which affect the electronic energy density, such as T, and the carrier density
or, equivalently, x [12]. In a photoexcited system, in general, ¢, depends on
both the electron and hole densities, i.e. on both p. and pu,. In this case, ¢,
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can be written as [12]:

a o0
Cy (e, v, Te) = 8_T/0 dev(e)e frp(&; e, Te)

0

or | ey (sa)

where the first integral is the electron and the second the hole contribution.
The density of electronic states per unit of area is v(e) = Nyle|/[27(hvr)?],
with Ny = 4 the product of spin and valley degeneracy. The Fermi-Dirac

distribution is: |

feo(esm Te) =~y

- (S42)

To take the derivative with respect to T, in Eq.S41, the dependence of ¢, on
T, has to be specified. The electron and hole densities are given by:

ne(,uca Te) = /OOO d5V<5>fFD(5; He, Te>7
nu(—piy, To) = /Oo dev(e) fep(&; — iy, Te) (S43)
0

Since the total electron density in both bands is constant, the difference
between electron and hole densities is constant:

e nh = ne(,um Te) - nh(_uv> Te) 5 (844)

where n§°> and ngo) are the intrinsic electron and hole densities before the

pump. At equilibrium, when p. = p, = pu, Eq.S44 can be solved for u. A
photoexcited density dn, changes the densities in both bands as follows:

) = N aTe) + 5ne7
nn(—piy, To) = np(—p, Te) + One (S45)

After finding p with Eq.S44, one can get p. and p, with Eq.S45. This
defines the dependence of ¢, on T, in Eq.S41, and allows us to calculate the
derivative with respect to the temperature. The result of Eq.S41 is shown in
Supplementary Fig.7 for p. = p, = . In Ref.13 the following expression is

given for c,:
18¢(3) ;50
7T(hUF)ZkBTe . (S46)

o (T,) =

12
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Supplementary Fig. 7. T. dependence of the c, in equilibrium condi-
tions. Calculations for (a) Er=10 and (b) 300meV. The blue and red dashed
lines are Eqs.S546, S47.
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Supplementary Fig. 8. T. dependence of the electron energy density
and c, in out of equilibrium conditions. (a) Electron energy density and
(b) ¢, for Er=200meV. The blue, and red lines correspond to photoexcited
densities 6n. = 10'? and 3x10*2cm =2, while the black line corresponds to a
thermalized system with a single u

In principle, as noted in Ref.14, Eq.S46 is valid at the charge neutrality point
|| < kT only. For a degenerate system, kT < |u|, we have [4]:

2
el T) = S Be)k3T. (847)

as derived e.g. in Eqs.8.10 of Ref.4, in Eq.4 of Ref.15 and in Eq.8 in the
Supplementary Information of Ref.16. However, the numerical calculation
in Supplementary Fig.7 shows that the quadratic approximation (Eq.546) is
much better in the regime where 7T, ~ 1000K and p ~ 100meV. Supplemen-
tary Fig.8 shows that, taking into account the difference between pu. and p,,
for typical values of the photoexcited density, contributes> 15% to c,.
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S4 Absorption coefficient and estimate of steady-state
T, under pumping and dissipation

S4.1 SLG absorption coefficient

The average absorbed power per unit area in SLG excited by a pulse of
duration At, fluence F, and average frequency of the photons w/27 can be
written as:

B Plaw. pe i T2
where a(w, i, fty, T.) is the absorption coefficient and the function P(z) =
x0(x) equals x for x > 0 and 0 for x < 0. For simplicity we omit P in
the main text. For frequencies in the optical domain, we consider only the
contributions due to direct vertical inter-band electronic transitions. The
origin of these transitions is purely quantum and does not depend on disorder.
On the other hand, intra-band transitions are mediated by defects [18] and
can be described classically. In general, the absorption coefficient is a function

of the electron distribution:

2
a(w; ples pv, Te) = (2-3%)Tnb

(S48)

[1 = feo(hw/2; pe, Te) — fro(hw/2; —py, Te)]

(S49)
for a sample lying between air and a substrate with refractive index ng,,. This
expression is obtained using FEq.7.34 in Ref. [19] for the real part of the inter-
band conductivity and the relation between absorption and conductivity of
thin films discussed in Ref. [20]. This means that the absorption is reduced
due to Pauli blocking if the electron or hole distributions at Ep = hw/2
increase. As T, increases, the absorption becomes a sizable fraction of its
maximum value 2.3%, even in the frequency range hw < 2Ep where it van-
ishes at room temperature.

S4.2 Estimate of steady-state 7, under pumping and dissipation

The number of photoexcited electron-hole pairs per unit area in the time
interval dt is given by the number of absorbed photons in the same time
interval per unit area, i.e. (dne + dny)/2 = (P/A)/(hwo)dt. In the steady
state, the energy delivered by the pump is transferred into the phonon modes.
Hence, we identify the electron-hole recombination time with 7. We then get:

L(dne dm) _ 1P
2\ dt dt ] hwy A
1 [ne(fte, To) + nn(—pi, To)] — (0 + n)

-5 - . (S50)
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Supplementary Fig. 9. hw, dependence of T, in photoexcited SLG.
T, as a function of hwy for Fr=200meV and 7=100 (black), 200 (blue), and

300fs (red). In (a) we use a constant a=(2.3%)/[(1 + nsub)/2] while in (b)
we use the full functional dependence of Eq.S49.

In the steady state this becomes:

27 P
nl® + n}(lo) = ne(pte, To) + nn(—piy, Te) — ﬂTOZ' (S51)
Combining Eqs.S44,S51, we find:
T P
- 9
OMNe e A (S52)

To calculate Er (e.g. for a n-doped sample) one needs to solve Eqs.S42, S43,
S44 with pu. = puy = Epr, T, = 0, and nELO) = 0, finding Er = hvp/mn..
This relation can be used at 7, = 300K and electron densities nl > 10t
because the density of thermally excited holes is negligible. In photoexcited
SLG, even after recombination of the photoexcited electron-hole pairs, the
T, dependence of y cannot be ignored. In this case, to calculate i, one needs
to solve Eqs.S42,543, S44 with u. = py = p and nl(lo) = 0 as a function of T..
This gives u = Ep[l — #*T2/(6T3)] for T, < Tr and p = EpTr /(4102 x T,)

~Y

for T, =2 Tw [17|, where Ty = Ep/Kpg, with Kg the Boltzmann constant. For
a typical case of Fr=200meV and T, =1500K, we have y ~ 0.3 — 0.5E¢. To
calculate T, we solve the non-linear Eq.4 in the main text, with the T, depen-

dence of o and ¢, discussed above. The values of T,, as a function of hwy, for
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(red), 0.6 (green) and 0.8eV (blue). (b) T, as a function of residual (intra-
band) absorption for Ep=0.6eV and fuvy=0.4€V.

several 7 and the experimental conditions used in this paper (F=70.0uJ/cm?,
At=3001s, ng,p,—=1.44), are in Supplementary Fig.9. T, increases for higher
energy photons and longer 7. T, ranges between~800 and 1500K.

For T. >300K inter-band transitions can occur also when hwy, < 2Ep,
as show in Eq.S49. To apply the theory also to lower temperatures, where
intra-band transitions due to disorder play a role in the absorption process,
we modify Eq.4 of the main text as follows:

Plow; pes v, T) + atres] F-
Cy(pes o, T) At

where a constant e is added to a(w, pc, fiv, Te) to take into account the
contribution of the residual (intra-band) absorption. No modifications are
needed in Eq.S51 because the residual absorption, stemming from intra-band
transitions, does not directly affect the photoexcited density. We assume
that distinct contributions to the absorption are additive because « is much
smaller than unity. Supplementary Fig.10a plots T, as a function of Er for
7=2001s, ,¢s=0.1% and different hwy. Supplementary Fig.10b shows T, for
different a5 for Er=0.6eV and fiwy=0.4¢eV. Very small values of a5 ~ 0.1%,
corresponding to o ~ 2.3%/20, lead to T, ~500-600K. T, rapidly increases
to>1000K for ces ~1%.

T=Ty+r (S53)
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Supplementary Fig. 11. SLG absorption. Absorption spectrum on the
SLG on Sa sample. The measurement was performed in transmission geom-
etry with a Cary 600 Series FTIR Spectrometer.

Supplementary Fig.11 reports the experimental absorption for the SLG
on Sa sample (Er ~250meV). a,.s at hw < 2Efp is~1%. Since intra-band
absorption is mediated by defects [18] and np is~2-3 times higher in SLG
on Sa compared to SLG on Si/SiO,, we use 0.1% for ;s in Supplementary
Fig.10a.
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