Supplementary Note 1 Continuum-model Hamiltonian and cur-
rent matrix elements for 1L-MoS-

For 1L.-MoS, we use the low-energy k - p continuum-model Hamiltonian de-
scribed in Ref.[1]. Around the K and K’ points the model Hamiltonian con-
tains isotropic ‘H; and trigonal warping H,, contributions, i.e. H = H;+Hiw,
with:

AoTs A+ ATs R |k |?

Hi(k,7,s) = 5 + 5 0= + toagk - o + Ty

(a+fo.), (1)
and
Hiw(k, 7, 5) = tiaj(k - oF)og(k - 0%) + taagr(kl — 3k, k2) (o' + B'o.) . (2)

Here, s = £ is a spin index, 7 = % is a valley index, and o, = (704, 0y),
with o, and o0, ordinary 2 x 2 Pauli matrices operating on a suitable con-
duction/valence band basis|[l|. We note that the terms in the Hamilto-
nian that contain the parameters A, 8, 5 and Ay are related to broken
spatial inversion symmetry in 1L-MoS,. The trigonal warping term con-
tains three parameters, o/,3’, and t;. The contribution to the band disper-
sion due to trigonal warping has the characteristic form z. cos (3¢), where
2y = to(a/ £ B) £ 4tot1/ [2A — (Mg — A)7s], and z; (z_) stands for conduc-
tion (valence) band[2]. According to ab-initio calculations|3, 4|, symmetry
considerations([4, 5|, and experimental evidence[6], the valence band of 1L-
MoS, is strongly warped, while the conduction band is nearl;z isotropic.
The Hamiltonian H can be diagonalized. Eigenvalues ek and eigenvec-

tors |ukms> are:

et = ho(k,T,s) £ \/ (k, 7, )% + |hi2(k, T, 5)|2 (3)
and
i) = 1 Sukels @
DO, 7, 5) + ol m, )2 L2 00T 9)

where \ F2p2
ho(k, 7, s) = 7073 et taag (k2 — 3k, k2)o/ (5)
ho(k,rs) = 2 2”8 Z%z B+ toalr (kS — 3k,k2)8 (6)
hio(k, 7, s) = toao(Thk, — iky) + trad(tk, + ik:y)2 , (7)
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and

DV (I, 7,5) = (k.7 ) F /[l ) + [ s)2 . (®)

We need the matrix elements of the current operator for the evaluation
of the nonlinear response functions. We start by introducing the so-called
paramagnetic current operator|7| (¢ = 1, where ¢ is the speed of light, —e < 0
is the electron charge):

e OH

Sk +eA/R)|
= Thak (9)

0A,

je(k) = —

A=0

where ¢ = x,y is a Cartesian index. The diamagnetic contributions to the
current operator can be written as follows:

?H(k + eA/h) eN? O*H
= — =— (= 1
Fasta (K) 0AndAn sy (h) Oy, Ok, (10)
and oo oo SO eAm)| (5)3 O*H )
ARl T A, 0A0L0Ar s \R) Oky, Ok, Oky,

Using the continuum-model Hamiltonian introduced in Supplementary Equa-
tions (1) and (2), we find:

X . (& 8h0 8hz 8h12 6h12
Je = _ﬁ {8_]{}4 + 6_1@02 + Re[ 6!{:4 ]0'35 Im[ akg ]O'y} (12)
and
e\ 2 82h0 82hz 82h12 (’92h12
Regp = — <ﬁ> {a_k’g + 8—]{%0'2, + Re[a—k?]az — Im[ 8]{;? ]O'y . (13)

Similarly, one can derive an explicit expression for &gy.
The required matrix elements of j, and x» between the eigenspinors given
in Supplementary Equation (4) read:

jgv(ka T, S) = <ui77,s|jélu\li,7,s>
e { h.(k, 7, s)Re [hia(k, T, 8)Ohiy (K, T, s) /Oky]
ok, 7, 8) [y [a (e, 7, )% + [, 7, 5)

h
Z,Im [hia(k, T, 8)Ohiy (K, T, ) /Oky]
|h12<k, T, 8)‘

C haalk, 7, 8)|0h. (K, 7, 5) Ok } (14
Ve (k.7 9) + s (k. 7, 5)
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h) Ok
h.(k, 7, 8)0h.(k, 7, s)/Oke + Re [hia(k, 7, $)Oh%y (K, 7, 8) Ok }
Ve, 7,9) + [haa(k, 7, 5)

celvy W ey e | Oho(k, T, s)
R e

(15)

i (K 7,08) = (gl meeluie - )
(5)2 { h.(k, 7, s)Re [hia(k, 7, )00y (k, 7, 5) /Ok2]
a7, )y e, 7. ) + gk, 7, )

h
Im [hIQ(k7 T, S)thTQO{? T, 8)/8[433]
]
|h12(k, T, S)|

sk, 7 )[0%ha(, 7, 5) /082 } ’ (16)
\/[hz(k, 7,.8) + [ha(k, 7, 5)[°

and

cc(vv c(v c(v e\?2 tho(k, T, S)
i en) = ) = - (5) {7l
14

h.(k, 7, 8)0%h.(k, T, 5) /OkZ + Re [hua(k, 7, )0* iy (k, T, 5) | Ok2] }
VI, 79 + s (k, 7, )

(17)

We note that intra-band matrix elements (e.g. jg¢ and 55 ) have a definite
parity while inter-band ones (e.g. j;* and xjy) do not respect the parity
symmetry. This fact is at the origin of the vanishing of the paramagnetic
contribution to even harmonic-generation response functions. Therefore, as
we will see later, only diamagnetic terms yield a finite contribution to even
harmonic-generation responses.

Supplementary Note 2 General symmetry considerations

Our continuum-model Hamiltonian is derived from a tight-binding Hamilto-
nian in which the zigzag direction of the lattice coincides with the x direction.
The zigzag direction is perpendicular to the reflection (mirror) symmetry
plane of the 1L.-MoS, lattice (see Supplementary Figure 1).
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Supplementary Figure 1: Top view of the 1L-MoS, lattice.
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The n-th order optical susceptibilities x are defined as:

(18)
where F; and Pe(n) are the Cartesian components of the electric field E and the
n-th order macroscopic polarization P respectively, and € is the vacuum
permittivity. Note that iy, 4o, ..., 4, are Cartesian indices and wy, =) . w;.

Since 11-MoS, belongs to the D3, symmetry group, the only non-vanishing
elements of the second-order susceptibility are|8]:
2 — _,2 (2) (2) (19)

Xyyy = " Xyza = " Xazy = ~ Xayz >
while for the case of the third-order response we have|8]:

3) 3) (CINIC) RIC) (20)



and

B — 106
Xa:a:yy - nymz )

B3 — 03
Xzyye = Xyzay

Xy = Xy - (21)
In the case of a linearly-polarized pump laser, we expect a SHG maximum
when the laser is polarized along the y direction, i.e. perpendicular to the
zigzag direction. On the contrary, if the incident light is polarized along the x
direction, i.e. the zigzag direction, we expect a vanishing SHG signal due to
the reflection symmetry (i.e. oy : * — —x) along this axis. Our continuum-
model Hamiltonian is consistent with these general expectations based on
symmetry and we therefore find ng)x = 0, even in the presence of trigonal
warping. This is because the contribution in the two valleys identically cancel
each other.

Using Supplementary Equations (18),(19),(20) and (21) we obtain Egs.
(3),(4) of the main text, which describe the dependence between induced
charge polarization, P, and the polarization of the incident laser. In the
case of a circularly-polarized pump laser, we have E = |E|éy with €L =
(x £1iy)/v/2. Using Eqgs. (3),(4) of the main text we arrive at the following
results for the circularly-polarized pump laser:

P® = :|:@'\/5«5()><$’,)?J|E|2é3F (22)

and
P® =0. (23)

Supplementary Equation (22) implies an opposite polarization of the SHG
signal with respect to the pump laser, while Supplementary Equation (23)
implies no THG signal in response to a circularly-polarized pump laser.

For quantitative results only the following three tensor elements: X;i)y,
X?%)yy and Xz(,?yy are required for second-, third- and fourth-order nonlinear
response functions, respectively.

Supplementary Note 3 Nonlinear response functions

The response of an electron system to light can be calculated by adopting
different gauges for describing the electric field of incident light. The gauge
in which a uniform electric field E(¢) is described in terms of a uniform
time-dependent vector potential, E(t) = —0A(t)/0t, is convenient in solids
as it does not break Bloch translational invariance. The vector potential



couples to matter degrees of freedom through the minimal coupling, i.e. k —
k + eA/h. The external vector potential induces a current J(t), which can
be expanded in a power series of A(t). For each Cartesian component, we
write J; = ) Jz(n) where n denotes the n-th order in powers of A(t). In
Fourier transform with respect to time we therefore obtain:

Je(n)(u@) = Z Héz)i%in(—wz; Wy, Wa, .« .y Wy ) Ay (W) Agy (wo) .o Ay, (W)
01,82yeeyin,

(24)
where A(w;) = —iE(w;)/(w; + in/h) and 7 is an infinitesimal positive real
number, which is needed to make sure that the external field is absent in the
remote past (t — —o0).

Since the macroscopic current is related to the macroscopic polarization
by J(t) = 0P/0t [9], we get J™W(ws) = —i(ws + in/h)P™(ws), for each
order in perturbation theory.

We finally find the following relation between nonlinear response functions
and optical susceptibilities:

o (—wgiw W) = i(—i)" 1y, o (—wsiwr, . w,)
OXirig.in \ 73 1 -+ W (s in/B) (wn +in/R) - (or L in/h)
(25)

The n-th order nonlinear response function Hg?hmin contains both param-

agnetic and diamagnetic current contributions, which will be denoted by
(n),P (n),D . .

Iy;/i,. 5 and IL; " . respectively. The paramagnetic current correlators,

which are diagrammatically illustrated in Supplementary Figure 2, read:

" (i) = (i (=iv)jeli) ) (26)
/
) (—ivssive,ive) = Y (Ga (=) (—imo)jelive)) . (27)
P
/
S (v vy vy, ivg) = Y <jz‘1(—i’/l)jz‘g(—iVZ)jig(—ng)je(in)> , (28)
P

and

H(4)1P

Giriminis (VS V1, WV, TV3, TV

= Z<5z‘1(—iVl)jvzz(—in)jis(—iV3)5i4(—iV4)ﬂ(iV2)> : (29)
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Supplementary Figure 2: Three-, four-, and five-leg Feynman diagrams for
the second-, third-, and fourth-order nonlinear paramagnetic response func-
tions. Solid lines denote electron propagators while dashed lines denote pho-
tons. The quantities w; = -+ = wy = w indicate the incoming photon
frequencies, while }'a denotes the a-th Cartesian component of the paramag-
netic current operator.

Here, (...) denotes the thermal averaging[7, 10|, j; indicates the second-
quantized form of i-th Cartesian component of the paramagnetic current op-
erator, Z;, enforces the so-called “intrinsic permutation symmetry’ among
all dummy variables (i,,v,)[11], and vs, = Y. v;, where v; = 27n/f’s are
bosonic Matsubara energies corresponding to the incident photon energies.
Here, n is a relative integer and 5 = 1/(kgT’), with T the electron tempera-
ture.

The paramagnetic current correlators in Supplementary Equations (26)-

(29) can be calculated by using many-body diagrammatic perturbation theory[12,

13]. Following Ref.[13], we first perform the summation over the fermionic
Matsubara energies and then carry out the analytical continuation v; = v —
hw + in where n — 0. We find the following relations for the case of

(=1, =1y
1) P Z Z U)\lAg])Q)\l DYP.Y) 7 (30)
k,7,s {\;}
A3A23A2A19A1A3
Hz(ﬁ/)y ( 2w; w, w ZZ hw +27] j_eky - 61);3 (U)\l)\Q - U)\z/\s) )

k,7,s {\;} ( )
31



)\4/\3 FA3A2

322N g,
hW—l-Z?] +€k7's_6ﬁ47'5

FA2A1 JAT A

Héi)gg(—3w W, w,w) ZZ

ks {0}
{ Unine = Unong B Unzns = Ungna } (32)
2hw +in) + 6 — 6. 2w i) +ak el ]
and
jas )\4)\3];\3)\2]?;\2/\1.];\1)\5

H;z)y’gy(—élw;w w,w,w) ZZ

th+Z77 +€k7’s _eli5frs

k,7,s {\;}
1
3(77,(4) + ZT}) + 6kTs - el/\(47-s
U)\1)\2 U)\Q}\3 U)\2)\3 U)\B)\4
(hw—i_“?)_'_ekTs_eﬁde (m+2n)+€k75_€l/\(479
1
3(77/4,() + ”7) + €k7-s - EﬁsTs
U)\Q}\g U/\g)\4 U)\3>\4 U)\4)\5
i B )
(hw+zn)+€k75_€k47's (m+zn)+€k75_€k573

For simplicity, we introduce the quantity U,y as follows:

1 ne (6 rs) = nr(6iers)
Uy (k = - 34
wllow,T 8) = Shw+ 6,y = €rs Tin (34)

where § is the sample area. All sums over band indices are limited to one
conduction and one valance band, i.e. A\, N = ¢, v, and

ne(E) = {exp (Z;T“) + 1}1 (35)

is the Fermi-Dirac distribution function at finite temperature 7" and chemi-
cal potential . In Supplementary Equations (30)-(33) we dropped the ex-
plicit functional dependence on k,7,s, e.g. j;"" = j;""(k,7,s) and Up, =
Upin(k,w, 7, 5). We find most convenient to first carry out the sum over the
band indices A; and then carry out numerically the integral over the wave
vector k.

The paramagnetlc contributions to the even-order response functions,
HéQy)yP nd Héyyyy, vanish identically because ek(T)s is an even function of k,.
This property of the energy dispersion is protected by symmetry, and stems
from time-reversal (7) and reflection (o) symmetries.
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A microscopic calculation of even-order response functions requires the
knowledge of diamagnetic contributions. These can be included with the aid
of correlation functions involving the &, operator. In fact, fyyy could also
contribute to diamagnetic responses. However, in our low-energy model éyyy
is identically zero. Similar to the paramagnetic case, k,, and éyyy indicate
the second-quantized form of the diamagnetic current operators (i.e. xy, and
yyy). Diamagnetic contributions to the second- and third-order response
functions are reported in Supplementary Figure 3, in terms of Feynman
diagrams. For the sake of simplicity, we have not calculated diamagnetic
contributions to the fourth-order response.

A e
Ryy i - . —w - —w B
s @ S~ T u%_,,\yy yy_,\/\} SN
’
A 7

2 Permutations

Supplementary Figure 3: Feynman diagrams for the diamagnetic contribu-
tions to the second- and third-order response functions. a) second-order
response. b) third-order response.

According to Supplementary Figure 3a, the diamagnetic contribution to
the second-order response is given by:

TP (—2wiw,w) ==Y > |:U>\1>\2j:/\1/\2"<’2;)\1 + (7>\1)\2"£Z)/\?1J)\2j;\2)\1j| - (36)
k,7,s {\;}

Similarly, the diamagnetic contribution to the third-order response, Supple-



mentary Figure 3b,is given by:

(3), Mz A2
Hyyyy( 3W; W, w, w § :§ :U)\l)@ Ryy “Fyy

k,7,s {\;}
)\3>\2 A2 >\1>\3

Iy Ky
Z Z . s (Uz\l)\z - U)\2)\3)
k,7,s {\;} hW+ZT] +€k7‘s_€k'rs

KA3A2 jA2 A1 s A3 -
D Z Wl (T, = Unny) -
ks {\} P hw—i—m? +€k7’s €k7's

(37)

Here, Uy, x, = Un,», (k, 2w, 7, ) with Koy = Ky (k, 7, 5) is the matrix element
of Kyy.

Since our low-energy model is valid for a limited range of values of the
wave vector k, we must introduce an ultra-violet cut-off, which breaks gauge
invariance[14]. We therefore need to regularize our final results to avoid

un-physical response function. This can be accomplished[14] by consider-
(n) = 11

li1io...0n li1io...in

ing the following gauge-regularized response tensors: I,
éz)ig..jn }{wi}ﬁo-

We note that the summands in Supplementary Equations (31),(33) and
(36) contain an odd number of matrix elements of the paramagnetic (j,) and
diamagnetic (k,,) current operators. In the absence of trigonal warping, the
overall form-factor, which is proportional to these matrix elements, is an odd
function of k,: we therefore conclude that, in the absence of trigonal warping,
Hg,Qy)y(—Qw;w,w) = H?(jz)yyy(—élw;w,w,w,w) = 0. An identical conclusion was
reached for other isotropic low-energy continuum model Hamiltonians, such
as those describing gapped graphene|15] and biased 2LG[16, 17]. We there-
fore expect the second-order nonlinear response function Hﬁ,)y to be small
compared to the third-order one, since it is controlled by a small trigonal
warping correction (Hgy) in comparison with the fully isotropic leading term
(H;) in the low-energy model Hamiltonian. Of course, this conclusion is valid
within the single-particle picture and in the low-energy limit, which we have
relied on so far.

We now discuss how to evaluate the paramagnetic third order response
function defined by the square diagram and given in Supplementary Equation
(32). Similar steps are used for the diamagnetic part of the third order
response, see Supplementary Figure 3b, as well as for the second and fourth
order response functions. After performing the summation over the band
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indices in Supplementary Equation (32), we obtain:

kdk ng 6?{,7,5) - nF(E‘li,‘r,s)
Hyyyy( Bw;w,w,w) = (ev) / ZzgnkTs oo (b 5)?

7,5 n=1

1 1
[dcv(k,T, s) + (hw + in)n * dey(k, 7, 8) — (hw + zn)n}
(38)

X

where k. is the ultra-violet cut-off, v = toao/h, dey(k, 7,8) = € ., — € ., and
Co(k, T, s) are dimensionless functions given by:

1 [*do[1

ko) = oo [ 58 [ -] e
1 g[8

Cg(k?,T,S) = W/O 2_;?_ __§<j;C_jz‘//V)2|j;V|2:| , (40)
1 [*"d¢ [9

Galthoris) = ooy [ 52 (St i - St L

where ¢ is the azimuthal angle of k vector. We consider the full anisotropic
dispersion of 1L-MoS, and the integrations are handled numerically. Supple-
mentary Equation (38) is also valid for other two-band LMs.

Using the isotropic model of 1L-MoS,, see Supplementary Equation (1),
we check the scaling of paramagnetic THG efficiency, T g, with inter-band
coupling, v. We consider the chemical potential inside the band gap (un-
doped 1 = 0) which implies np(ef, . ) = 0 and np(e, ) = 1 at zero temper-
ature. Therefore we can rewrite Eq.38 in terms of density of states notation,
prs(€),

pm
H?(ng)yy< 3w; w, w,w) (ev) ZZ/ CneTs)

7,8 n=1

1 1
. [e + (hw + in)n Tz (hw + m)n} ' (42)

where W is the ultra-violet cut-off energy. Considering the isotropic k - p
Hamiltonian for 11.-MoS,, see Supplementary Equation (1), one can find the
density of states for given spin and valley:

prs(€) = 5 [©(c—€f,) +0(—e+e.,)] - (43)
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where e, = £[A £ (A — A\¢)7s]/2 stands for the conduction(+)/valence(—)
band edge energy for each pair of spin and valley. For simplicity, we neglect «
and f3 terms in the density of states. From Supplementary Equations (42,43),
we get H?(f;)gjyp o v?. Therefore the paramagnetic THG efficiency scales like:
THaa o |H£,?Z’,)3f;|2 o v? . As discussed in the main text, this scaling is the
main reason for having intense THG in 1L-MoS,, because the inter-band
coupling, v, is very strong, v &~ 0.65¢/300 with ¢ as the speed of light in
vacuum.

Supplementary Note 4 Relative magnitude of nonlinear responses:
ratios of irradiances

4.0
3.5

= 2.5

Supplementary Figure 4: Frequency dependence of the second-order response
function ny)y (in units of HéQ)). Different curves refer to different values of
the parameter k..

To quantify the relative magnitude of nonlinear harmonic signals, we cal-
culate ratios between induced polarizations ngn) at different orders n in per-

turbation theory. For a linearly-polarized incident laser (e.g. E = |E|y) we

12



»
-‘-:-.;*'-

-
Ut
T

r
[
|
|
|
|
|
|
|
|
|
|
I

| |

0.0 05 10 15 20 25 3.0
hwleV]

Supplementary Figure 5: Same as in Supplementary Figure 4, but for the
case of the third-order response function.

find:
(n+1) (n+1) (n+1)
i) Xy...y’E| Hy...y/Ho
Py n+2 times — n+2 times
Py Xy (hew + i) /(1eV) x T /115
n+1 times n+1 times
X o) x |El
(n+ 11Ty (1eV)
n to ag |E|
- S 2 P X (W) 44
n+1 x 1leV % 1m % 1Vm—! % +h () (44)
where
[ _ (etoao/m)™!  (1eV)(1m™ ) /£ \"" ( ao )n—l (e>n+l (45)
O 7 8mai(leV)n 8 leV Im h

and the quantities ty and ag have been introduced in the Hamiltonian .
Iy represents the physical dimensions of the nonlinear current correlator
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Supplementary Figure 6: Results for the X3, as function of the pump laser
frequency. Vertical dashed lines is positioned at hw = 0.8 eV.

ng)ig...in(_wﬂ Wi, ws, . .. ,wy). The units of Hé") are Cm™ 'V s~ (1) The

dimensionless quantities X1, are given by:

0y g

+2 ti
X,n ’n(w) — n times . (46)
" (e + im)/(1eV) x 15, /1"
n+1 times

The amplitude of the electric field (JE|) in Supplementary Equation (44) can
be replaced by the power of the pump laser (P,ump) by using the following
relation: p )
— P — —n,ce|Ef 47
7T(D/2)2 2” C€0| | ) ( )
where D ~ 1.85 um is the experimental spot size diameter, n, ~ 1 is the
refractive index of air, ¢ ~ 3 x 10® m s~! is the speed of light in vacuum,

and €y ~ 8.85 x 10712 CV~'m~! is the vacuum electrical permittivity. Using
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Maxwell’s equations, we can obtain the following wave equation in a nonlinear
medium|8]:

n\ 2 1 fwp\2
V2E™ 1 (W_) eD(w,) - EM = —— (W_) p) (48)
Cc €0 Cc
where n = 2,3, ... indicates the order of nonlinearity, €V is the linear di-

electric tensor and P is the n-th order polarization vector. The intensity
I™ of the n-th order nonlinear signal is proportional to the square of the in-
duced electric field amplitude E™ waPén) where w,, = nw for the harmonic
generation case. Inserting Supplementary Equation (47) in Supplementary
Equation (44) we find:

](n+1) n-+1 2
where R, 1, (w) in units of W is given by:

~ 8msT[CVTmT] [to/(1eV) X ag/
) = i

TN, CEQ

2

Pgsn—’_l)
- Rn_y.l,n(w)Ppump ) (49>

p™

““”r Ko@)

(50)
If we assume that the spot size of different harmonic-generated signals on the
detector are equal to each other, we can write the following relation between
power and intensity ratios:
I ~ P(nJrl)w
™ = P,
where P, denotes the signal power of the n-th harmonic-generated signal.

Our main results for the 1L-MoS, nonlinear response functions are sum-
marized in Supplementary Figures 4-6. We use the following values: A =
1.82 eV, A\yg = 69 meV, A = =80 meV, t; = 2.34 eV, a = —0.01, § = —1.54,
ti1 = —0.14 eV, t, = 1 eV, o = 044, and §/ = —0.53. These parame-
ters are obtained from a tight-binding fitting[1] of LDA-DFT band structure
calculations[19, 20]. In all our numerical results, we use 7' = 300 K and
= 0. In Supplementary Figures 4-6, we check the dependence of our re-
sults on the value of the ultra-violet cut-off, k. o< 1/ag. Note that ay = a/v/3
with a ~ 3.16 A is the lattice constant of 1L-MoSs.

According to Supplementary Figures 4,5, the nonlinear response functions
start to grow when Aw is larger than (A + \)/2 and (A + \)/3 for the SHG
and THG cases, respectively. A + ) is the optical band gap of MoS,. In our
energy range (< 1 eV) the spectra of the second and third order response
functions are not very sensitive to the value of k.. The theoretical results
in Fig.4c) of the main text are obtained by using Supplementary Equations

(50),(49) for hw = 0.8 eV.

(51)
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